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1.1 Adding And Subtracting Algebraic
Expressions

When adding or subtracting you need to find the lowest
common denominator. For example:

2x+3 2x-3
+

5 6

The lowest common denominator of 5 and 6 is 30. So
we change each fraction to a denominator of 30.

1. Simplify:

o 12x+18  10x-15
This gives: n
30 30
We can then add these fractions to get: 223;(; 3
2x-5 4-2
2. Simplify: Sl 3 *

The lowest common denominator of 6 and 3 is 6. So
we change the second fraction to a denominator of 6.
2x-5 8-4x
6
We can then subtract these fractions to get:
6x - 13

This gives:

L. 3
3. S1mpl1fy: m + 1-2x

The lowest common denominator is (5x — 2)(1 - 2x).
So we change each fraction to a denominator of
(5x -2)(1 - 2x).

3-6x 10x - 4
(5x-2)(1-2x) (5x-2)(1 -2x)
We can then add these fractions to get:

4x -1
(5x-2)(1-2x)
You do not need to work out the brackets on the
denominator.

This gives:

. . 6
4. Simplify: (x +5)(2x - 3) ! x(2x - 3)

x+7 2x-1 4 2
e 1 6. -
4 3 3x-2 x+5
2. 4x—3_x+2 7. 5 + 2
5 2 2-x xX+4
3x-2 1-2x 4 2
3. 1 . -
6 4 ) 3-2x x-3
2x-5 2-x 5 3
4. - . +
4 8 J 2x-1 x-4
3x-2 2x-1 5 2
5. - . +
4 10 U x-3 2x+1

1.2 Adding And Subtracting Algebraic

Fractions Where Each Denominator
Has A Product of Two Terms

For example:

The lowest common denominator is x(x + 5)(2x — 3).
So we change each fraction to a denominator of
x(x +5)(2x - 3).
6x 2x + 10

x(x+5)2x-3)  x(x+5)(2x-3)
We can then add these fractions to get:

8x+ 10
x(x +5)(2x - 3)
You do not need to work out the brackets on the
denominator.

This gives:

. . 5 -
Simplify: (x-6)3x+2) (x+4)(x-6)

The lowest common denominator is
(¢ + 4)(x — 6)(3x + 2). So we change each fraction to a
denominator of (x + 4)(x - 6)(3x + 2).



This gives:
5x +20 B 9x + 6
(x+4)(x-6)Bx+2) (x+4)(x-6)(3x+2)

We can then subtract these fractions to get:
-4x + 14
(x+4)(x-6)3x+2)

7 + 4
. G+2)x-3)  =x-3)
5 + 2
2. x(z-3)  (x+2)(x-3)
4 . 5
3. GE5)xE3) (o1GT5)
5 N ]
t G-22x+1) (x-2)(x+4)
3, 2
2 x(x-4)  x(x+2)
4 ) 3
6. Z-2)x+1) (x+1)(x+5)
5 2
7 2%(x-3) (x+4)(x-3)
3 ) 4
8 GoDx+4 (G+dx-2)
2 ) 3
% G+5)x-2) (x+5)(x+2)
3 2
10.

(x+2)2x-1) (x-4)Q2x-1)

1.3 Adding And Subtracting Algebraic
Fractions With Quadratic
Denominators

First, factorise the denominators. Then add or subtract as
before. For example:

x* - 3x = x(x - 3) by common factors and
x*—x - 6= (x+ 2)(x - 3) by quadratic factors.
So we can write the expression as:

e Ry RN

1: SIMPLIFYING ALGEBRAIC EXPRESSIONS

4 2

+
x(x-3) (x+2)(x-3)

The lowest common denominator is x(x + 2)(x - 3).
So we change each fraction to a denominator of
x(x + 2)(x - 3).

4x + 8 2x
x(x+2)(x-3) x(x+2)(x-3)
We can then add these fractions to get:

6x +8
x(x+2)(x-3)

This gives:

5
7. Simplify: 557078 T e - 16

3x*+ 10x - 8 = (3x - 2)(x + 4) by quadratic factors
and x? - 16 = (x — 4)(x + 4) by difference of two
squares. So we can write the expression as:

5 B 2
Bx-2)(x+4) (x-4)(x+4)

The lowest common denominator is
(x -4 (x+4)(3x-2).
So we change each fraction to a denominator of
(x — 4)(x + 4)(3x - 2). This gives:
5x - 20 B 6x -4
(x-4)(x+4)3x-2) (x-4)(x+4)(3x-2)

We can then subtract these fractions to get:
-x-16
(x-4)(x+4)(3x-2)

4 3
1. 3x2+6x  xX*+3x+2
5 + 2
2. x*+2x-8 x*-4
3 + 5
3. 2x2+7x -4 x> +x-12
3 + 2
4 2@ _1ox ' 22-11x+5
4 + 3
3 T 2i3x-10  2-7x+10
4 2
6. D = 52 x>+ x
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32
7 @ 2x-8 x-16
2 3
8. 2 T2
2x*-x-6 Xt - 2x
4 5
S. xX*+x-12 2x%+ 13x + 20
3 2
10.

4P +7x-2 X -x-6

1.4 Multiplying And Dividing Algebraic
Expressions

Multiplying
Cancel as far as possible. Then multiply the numerators
and then multiply the denominators. For example:

6x° y 10y?
' 8tx

You can divide 2 into 6 and 8 to get 3 and 4.
You can then divide 2 into 10 and 4 to get 5 and 2.
You can cancel x*and x by x to get to x*and 1.

You can cancel y*and y* by y* to get to 1 and y*
e eives 5
Is gives: 2™ o

15x2
You can then multiply these to get the answer: %

Dividing
Dividing by a fraction is the same as multiplying by its
reciprocal. So, for example:

10a°d | 4c
6b>  5a

- ) lof 4c = 5a
e reciprocal of 7 5 is ™ ~

10a’°b _ 5a’
So we can multiply: 6b? ic

You can divide 2 into 10 and 4 to get 5 and 2.

You can cancel b and b® by b to get to 1 and b.

52>  5a’

This gives 6b X5

S5 8

Gl

25a°
You can then multiply these to get the answer: Lobe

5x2 « 2y? 9a> | 3c
yv VX 6 T5p 7 2ab’
3vt 4n - 4@’ . 5q
2 o 612 " 3r  6rn
10 _ 2qr 3¢ . 9n
3¢ 5n 8 w4
w 9t 9a 72
o T % 2br T abe
6qr _ 10vw 40 2r
5, — 5 X—— 10. e
2v 3q 3q 5vq

1.5 Dividing Algebraic Fractions
With Quadratic Numerators And
Denominators

First, factorise each quadratic expression. Then cancel as
far as possible. For example:

14x* - 7x
10. Simplity: Tar-1

14x* - 7x = 7x(2x — 1) by common factors and

4x*- 1 = (2x - 1)(2x + 1) by difference of two squares.
7x(2x - 1)
2x-1)(2x+1)
You can then cancel out the (2x - 1) to get the final
answer:
7x
2x+1

So you can rewrite the fraction as

o X2+ 2x - 15
11. Simplify: 3+ 13210

x*+2x-15=(x-3)(x+5) by quadratic factors and

3x% + 13x - 10 = (3x - 2)(x + 5) by quadratic factors.
(x-3)(x+5)
(Bx-2)(x+5)

You can then cancel out the (x + 5) to get the final
answer:

So you can rewrite the fraction as

x-3
3x-2




2x*+5x -3 4x? - 12x
xX*+x-6 o xXP-x-6
3x% - 6x 2x*+7x -4
©2x2-5x+2 CoxX*+2x-8
52 =05 3x? + 13x - 10
3. x*—x-20 C O 6XP+5x-6
4x* +5x -6 8x? — 4x
4. xX*-x-6 9. 4 -1
2x*+9x -5 5x*+ 13x -6
3. 2x*+3x -2 10. x*-2x-15

1.6 Multiplying And Dividing Quadratic
Numerators And Denominators

First, factorise and cancel as far as possible. Then multiply
or divide. For example:

2q*-7q+3 w0
4 q¢-9

First you need to factorise each quadratic expression:
2q*-7q+3 =(q - 3)(2q - 1) by quadratic factors and
q*- 9 =(q - 3)(q + 3) by difference of two squares.

So you can rewrite the multiplication as:

(q-3)2q-1) 6
4 (@-3)(q+3)

You can divide 6 and 4 by 2 to get 3 and 2. You can
then cancel out the (q - 3) to get the final answer:

3(2q-1)
2(q+3)

X +4x | X +2x-8

)
x> +2x-8 10
The reciprocal of 10 is P+ 2x_8
x? +4x 10
So we can multiply: 5 “+2x-8

You need to factorise each quadratic expression.
x* + 4x = x(x + 4) by common factors and
X%+ 2x - 8 = (x + 4)(x - 2) by quadratic factors.

So you can rewrite the multiplication as:

1: SIMPLIFYING ALGEBRAIC EXPRESSIONS

x(x +4) 10
5 (x+4)(x-2)

You can divide 10 and 5 by 5 to get 2 and 1. You can
then cancel out the (x + 4) to get the final answer:

2x
x-2
52 = 25% 6
X
3 x*+2x-8
258 = e =3 10
2 X
: 4 6x2—x-2
x*+2x-15 6
3. X
8 xX*-5x+6
3x*+ 14x + 8 9
4. X
6 xX*+2x-8
4x* - 10x 8
5. X
10 3x% + 12x
4 +8x | 3x*-x
6. 3 > 6
¥-9x+14  x+3x-10
7. 4 5 2
2 +9x-5 8 +2x-3
8. 3 > 6
¥+9x+18 X +x-6
& 9 ST
2 _ 2 _
10. 4x* +7x -2 X 4
4 6

1.7 Expansion Of Three Linear Brackets

To expand three linear brackets you should expand and
simplify any two brackets first and then multiply your
answer by the third bracket. For example:

14. Expand (x - 6)(x + 3)(x - 2)
Expanding two of the brackets, (x + 3)(x - 2), gives:
x(x-2)+3(x-2)=x"-2x+3x-6=x>+x-6
Multiplying the answer by the third bracket gives:

(x-6)X*+x-6)=x(*+x-6)-6(x*+x-6)
= X+ x2 - 6x

+ -6x - 6x+ 36 (adding)
= x> - 5x - 12x+ 36
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. Find the values of a, b, c and d for which
(x-4)2x+3)B3x-2)=ax*+bx*+cx+d

Expanding as before gives:
2x+3)(3x-2)=2x(3x-2) +3(3x-2)
=6x"-4x+9x-6=6x"+5x-6

Multiplying the answer by the third bracket gives:

(x - 4)(6x* + 5x - 6) = x(6x* + 5x - 6) — 4(6x* + 5x - 6)
= 6x° + 5x* - 6x

6x° + 5x* - 6x
+ —24x* - 20x + 24
= 6x° - 19x* - 26x + 36

So the answeris:a=6,b=-19,c=-26,d =24

(adding)

. Expand (x + y)°
x+y)P=&+y)x+y)(x+y)

K+ x+y)=x(x+y) +y(x+y)=x+xy+xy+ )*
=x"+2xy + )*

Multiplying the answer by the third bracket gives:
(x + y)(x* + 2xy + )
=x(x* + 2xy + y*) + y(x* + 2xy + V%)

X+ 23y + x)?
+ Xy +2xy* +y°
X+ 3x% +3xy* +)°

(adding)

1. (x+1)(x+2)(x+5)
(x=-3)(x+2)(x+4)
(x-=1D(x+4)(x+5)
(x-4)(x+2)(x-3)
(x+1)Bx-2)(x+4)
(2x-1)(3x-2)(x + 5)
(4x+3)2x + 1)(3x - 4)
(x+4)

(x-3)

10. (2x + 5)°

11. (x + 2y)°

2 o o o 89

12, (x = 3y)(x + y)(x + 5Y)

13. Find the values of a, b, c and d for which
(x-6)2x+1)(5x-2)=ax’ +bx*+ cx +d

V000000

14. Find the values of a, b, c and d for which

Bx-4)(x+3)(x-2)=ax*+bx*+cx+d

15. Find the values of a, b, c and d for which

(7x-4)2x+1)3x-8)=ax*+bx* +cx +d

1.8 Applied Questions

Sometimes questions require you to simplify an
expression to solve a problem. For example:

17.

The sides of a cube are (4x — 7) cm long. Find an
expression, in its simplest form, for the volume of
the cube.

Volume = (4x — 7)° = (4x - 7)(4x - 7)(4x - 7)

(4x - 7)4x-7)=4x(4x-7) - 7(4x - 7)

= 16x* - 28x — 28x + 49 = 16x? - 56x + 49
Multiplying the answer by the third bracket gives:
(4x =7)(16x> — 56x + 49)

=4x (16x* - 56x + 49) — 7 (16x* - 56x + 49)

= 64X - 224x* + 196x
+ - 112x* + 392x - 343

_ (64X — 336x> + 588x - 343)cm’

(adding)

. A car travels at a constant speed of

(x +3)(2x - 5) m s for (3x + 2) seconds. Find an
expression, in its simplest form, for the distance
travelled, in terms of x.

Distance = speed X time = (x + 3)(2x - 5)(3x + 2)
(2x-5)(Bx+2)=2x(3x+2)-53x+2)
=6x*+4x - 15x - 10 =6x* - 11x - 10
Multiplying the answer by the third bracket gives:
(x+3)(6x*-11x - 10)

=x(6x? - 11x - 10) + 3(6x* - 11x - 10)

6x° - 11x* — 10x
+ 18x> — 33x — 30
= (6x° + 7x* - 43x - 30)m

(adding)




1. The length, breadth and height of a cuboid are
(x+5) cm, (x - 2) cm and (3x + 4) cm. Find an
expression, in its simplest form, for the volume
of the cuboid.

2. The sides of a cube are (2x — 1) cm long. Find an
expression, in its simplest form, for the volume
of the cube.

3. A cylinder has base radius (x - 4) cm and
perpendicular height (x + 3) cm. Find an
expression, in its simplest form, for its volume,
in terms of .

4. The cost of a rectangular plastic sheet is
£(2x - 1) per m* Its length and breadth are
(x +4) m and (x — 2) m. Find the total cost.

5. The length, breadth and height of a cuboid are
(2x+3) cm, (x - 5) cm and (x + 2) cm. Find an
expression, in its simplest form, for the volume

of the cuboid.

1.9 More Complex Questions

Some questions require you to simplify an expression
which is itself a numerator or denominator. For example:

(x=2)3x+2)(x -4) - 3(x* - 5x> + 4x)

19. Simplify 4
X+ 4x

We need to simplify the numerator by expanding the
brackets and collecting like terms.

Firstly, expand (x - 2)(3x + 2)(x — 4):
(Bx+2)(x-4)=3x(x-4) +2(x-4) =3x - 12x - 8x
=3x-10x-8

and then multiply the answer by the third bracket:
(x-2)(3x* - 10x - 8)

=x(3x*-10x - 8) - 2(3x* - 10x - 8)

=3x? - 10x? - 8x
= 3x°-10x* - 8x
+ - 6x*+20x + 16 (adding)

= 3x*-16x*+ 12x + 16
Next, expanding 3(x’ - 5x7 + 4x) gives:

35— 15x% + 12x
Then, combine the two parts of the numerator:

(3x% - 16x* + 12x + 16) — (3x - 15x* + 12x) giving:

1: SIMPLIFYING ALGEBRAIC EXPRESSIONS

3% - 16x* + 12x + 16 - 3x° + 154 - 12x = -x* + 16
We can then rewrite the expression as:

16 - x*

X+ 4x

We can then factorise both numerator and
denominator to simplify this fully giving:
(4-x)(4+x)
x(x +4)

We can then cancel out the (x + 4) to get the final
simplified answer of:
4-x

x

2x+1)(x-2)(x+3) - 2x(x*-1) + 6x

1.
3x-6
2. (x—4)(x+2)* - x(x* - 4)
x>-2x-8

3 (2x + 3)% — 2x(4x* + 15x + 12) - 3

’ 3x+3
4 (x-Dx+2)2x+1)-2x*(x+1)+2

’ x*-9
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EQUATIONS

2.1 Quadratic Equations

A quadratic equation is an equation where the highest
power of the variable is 2. You can solve quadratic equations
by factorising but only when it can be factorised. You

can also solve quadratic equations by using the quadratic
formula. Solving quadratics by factorising or the formula
method will not be asked specifically in the examination but
is required in answering questions set on other topics.

Factorising
For example, solve the following:

1. 4x*-25=0

You can factorise 4x* — 25 by the difference of two
squares to get: (2x - 5)(2x +5) =0

Soeither:  2x-5=0
in which case:  2x = 5, giving x = 2%, or 2.5
or 2x+5=0

in which case:  2x = -5, giving x = -2% or -2.5

2. 4x*-7x=0
You can factorise 4x* — 7x by common factors to get:
x(4x-7)=0
So either: x=0
or 4x-7=0
in which case:  4x =7, giving x = 1% or 1.75
3. 2x*+9x-5=0

You can factorise 2x* + 9x — 5 by quadratic factors to
get: 2x-1)(x+5)=0

Soeither: 2x-1=0
in which case:  2x =1, givingx = Y2 or 0.5
or x+5=0,giving x = -5

1. 9x*-16=0 7. 4x*+17x-15=0
2. 3x*-x-2=0 8. 6x*-14x=0

3. 12x*+42x=0 9. 6x*+23x-18=0
4, 2x*-7x-15=0 10.2x2-17x+21=0
5 GP=5-=2=0 11.6x>+7x+2=0
6. 3x2-10x-8=0 12.25x*2-4=0

10

Using The Quadratic Formula
The solutions to ax? + bx + ¢ = 0 are found from
substituting the values of a, b and ¢ into the formula

-b +/b* - 4ac

2a

For example, solve the following, giving your answers
correct to 2 decimal places:

4, 2x>+x-11=0
Inthiscase:a=2,b=1and c=-11.

e 1+ 12-4x2x(-11)
B 2x2

_ -14/89
B 4
-1 +J@ or -1 —J@

4 4
x = 2.108 or -2.608

So

Sox =2.11 or -2.61, to 2 decimal places.

5. 3x2-6x+1=0
In thiscase:a=3,b=-6and c=1.
s Lo 6EB6-4x3x1
B 2x3
_ 6+/36-12
- 6
6 + 24
x:
6
6+/24 6-/24
= or
6 6
x=1.8160r 0.184
So x =1.82 or 0.18, to 2 decimal places.
Exercise 2B

1. ¥*-6x+3=0 6. 3x*+2x-2=0
2. 2x*+x-7=0 7. 5x*-x-8=0
3. 3x*-2x-9=0 8. 2x*+8x+2=0
4. X¥*4+9x+2=0 9. 4x*+5x-3=0
5. 2x*-x-7=0 10.x*-2x-9=0



2.2 Setting Up And Solving Quadratic
Equations

Sometimes a problem requires us to set up and then solve
a quadratic equation. For example:

6. The area of a rectangle is 60 cm?* The perimeter is
34 cm. Form an equation and solve it to find the
lengths of the two sides.

Call the two sides x and y. Then we have:
xy = 60 (area of rectangle), and
2x + 2y = 34 (perimeter of rectangle)

We can rewrite the perimeter equation in terms of y
and then substitute this into the area equation:

2y =34 -2x
y = 17 - x (dividing by 2) giving:
x(17 - x) = 60

17x — x* = 60 which rearranges to give:
0=x-17x+60

We can then factorise this or use the formula to find x:
(x-5)(x-12)=0

So: x=5o0r12

Substituting for y gives:
y=17-x

so either y=17-5=12

or y=17-12=5

So the lengths of the two sides are 5 cm and 12 cm.

1. ABCis aright angled triangle A
with AC =15 cm. ABis 3 cm
less than BC. Form an equation g C
and solve it to find the lengths
of AB and BC.

2. The area of a rectangle is 48 cm? The perimeter
is 28 cm. Form an equation and solve it to find
the lengths of the two sides.

3. Aoife buys x books costing y pence each for
£2.80. The cost of the books are then increased
by 5p each. She can now buy 2 fewer books for
£2.40. Form an equation and solve it to find the
initial cost of each book.

4. The width of a rectangle is 5 cm less than its
length. The diagonal is 25 cm long. Form an
equation and solve it to find the length and width.

Ay

11

2: EQUATIONS

2.3 Fractional Equations

For example, solve:

6 N 2
T XT3 Txi4 7Y
You need to add the fractions by using the lowest
common denominator, which is (x — 3)(x - 4)
So we get: O(x-4) +2(x-3) _g
(x-3)(x-4)
You now need to work out and simplify the
numerator:
6(x—4) +2(x-3)=6x-24 +2x—6=8x 30
8x - 30
This gives: ——————— =
BB ) (- 4)
You now need to work out and simplify the
denominator:
(x=-3)(x-4)=x>-7x+12
This gives: _8x-30 5
xX*-7x+12
You can now cross multiply to get:
8x-30=5(x*-"7x+12)
You can now work out the brackets and then put
all the terms on one side (with the x* term first and
positive because it is a quadratic equation):
8x - 30 = 5x* - 35x + 60
0 = 5x” - 35x - 8x + 60 + 30
So: 5x*-43x+90=0
You can now solve this equation, either by factorising
or using the quadratic formula, to get:
(x-5)(5x-18)=0
So either x-5=0,givingx=5
or 5x-18=10,5x=18 givingx=l?8
4
8. - =3 where x cannot equal 1

x-1 1-x

You need to add the fractions by using the lowest
common denominator which is (x - 1)(1 - x).

So we get: 41-x)-2x-1) _,
(x-1)(1-x)

You now need to work out and simplify the

numerator:
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4(1-x)-2(x-1)=4-4x-2x+2=-6x+6

-6x+6  _
(x-1)(1 -x)
You now need to work out and simplify the
denominator:

This gives:

(x-D(1-x)=-x*+2x-1

-6x+ 6

_~OHx+6 _3
-xX*+2x-1

This gives:
You can now cross multiply to get:
-6x+6=3(-x>+2x-1)

You can now work out the brackets and then put
all the terms on one side (with the x* term first and
positive because it is a quadratic equation):
-6x + 6= -3x*+ 6x -3
3x-12x +9=0

You can divide all these terms by 3 to get:
xX*-4x +3=0

You can now solve this equation, by factorising or
using the quadratic formula, to get:

(x-3)(x-1)=0
So either x-3=0,givingx =3
or x-1=0,givingx =1

Since we are told in the question that x cannot equal
1 the only solution is x = 3.

1. c + ) =3 6. 4 - 4 =3
x-2 2x-5 x-3 1-x
2. © __ 4 =6 7 9 __ =4
2x -1 1-x x-1 1-2x
3. e - 8 =1 8. 0 g =55
3x-2 x+1 x+1 2x-1
x-2 2x-3 x-1 2-x
5. E - 8 =3 10. 0 - 2 =)
x+1 1-2x x-2 3-x

2.4 Fractional Equations With Both
Numerator And Denominator
Expressions Involving x

For example, solve:

12

9.

V0000

x+1 3x-1_
x-1 2x+1

You need to add the fractions by using the lowest
common denominator which is (x - 1)(2x + 1).

(x+1)Cx+1)+CBx-1D(x-1) _
(x-1D2x+1)

You now need to work out and simplify the
numerator:

So we get: 4

(x+1)2x+1)=2x>+3x+1and
Bx-1)(x-1)=3x*-4x+1

So the numerator is:
2x*+3x+1+3x*-4x+1=5x>-x+2

5 -x+2 _
(x-1)(2x+1)
You now need to work out and simplify the
denominator:

This gives:

x-1D2x+1)=2x*-x-1

5x—x+2
2xP-x-1

You can now cross multiply to get:

This gives: =4

5x2—-x+2=402x*-x-1)

You can now work out the brackets and then put
all the terms on one side (with the x? term first and
positive, as it is a quadratic equation):

S5x°-x+2=8x*-4x-4
0=8x*-5x-4x+x-4-2
So: 3x*-3x-6=0
You can divide all these terms by 3 to get:
xX*-x-2=0

You can now solve this equation, by factorising or
using the quadratic formula, to get:

(x-2)(x+1)=0
So either x-2=0,givingx =2

or x+1=0,giving x = -1



